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DIRECT BOUNDARY ELEMENT METHOD FOR DYNAMICS IN A 
HALF-SPACE 
BY PAUL S. NOWAK AND JOHN F. HALL 
ABSTRACT 
An application of the direct boundary element method for solving the re- 
sponse of a linearly elastic half-space with a canyon cut into the surface is 
presented, This approach uses source solutions for an undamped half-space 
where the resulting singular integral equations are solved directly without 
adding any artificial damping. Solutions for the displacements on the canyon 
surface reveal an artificial resonance phenomenon when solving the exterior 
problem in the frequency domain, The use of an additional source loading in 
the boundary element method is shown to eliminate these resonances and 
yield accurate results. A method for solving the Rayleigh waves generated on 
the surface of the half-space caused by the canyon is shown, 
INTRODUCTION 
A problem that has attracted considerable attention in seismology is that 
of a wave propagating in a 2D half-space and incident onto a canyon cut into 
the surface (Sanchez-Sesma, 1987; Sanchez-Sesma et. al., 1985, 1982, 1979; 
Trifunac, 1973; Vogt et. al., 1988; Wong, 1979, 1982; Wong and Jennings, 1975; 
Wong and Trifunac, 1974). The solution approach employs a superposition 
procedure in the frequency domain; the difficult part requires solving for the 
motions caused by specified tractions on the surface of the canyon (without the 
incident wave). Described in the references are a variety of boundary solution 
techniques for this problem that appear to be adequate. Nevertheless, it is felt 
that a successful application of the traditional direct boundary element method 
to this exterior problem with a free surface would be of considerable practical 
interest, and such is described here. 
Features of the presentation i clude: 
• the use of source solutions obtained in a half-space rather than a full space, 
so the Raleigh pole is encountered and handled without adding damping; 
• the use of linearly interpolated boundary elements with source loads ap- 
plied at the nodes, so singularities are encountered and integrated, at nodes 
on the half-space surface and below; 
• discussion of an artificial resonance phenomenon which can arise in solu- 
tions of exterior problems and the demonstration of a remedy; 
• description of a procedure to compute the generated Rayleigh wave; 
• accurate computation of an example problem which can be used to assess 
approximate solution methods. 
STATEMENT OF THE PROBLEM 
The domain of the posed problem is a linearly elastic, homogeneous, isotropic 
half-space with a canyon cut into the surface (Fig. 1). Specified tractions 
(tractions denoted by T, displacements by u, specified quantities with a bar) are 
applied to the surface of the canyon, and the remaining horizontal surface of the 
half-space is traction free. Neither the geometry nor the material properties nor 
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Tx=~,T~=~onr  
T x = Ty = 0 on the horizontal surface 
radiation condition at infinity 
(4) 
for plane strain, where t~ c = domain of half-space with canyon present, F = 
surface of canyon, p = density, w = frequency (radians per second), Ix = shear 
modulus, and A = Lam~ constant. 
To form the boundary integral equation, the weighted residual method and 
Green's theorem (twice) are applied to the equations of motion. The weighting 
* * and u* in the weighted residual method are chosen to satisfy functions Ux, uy, 
i 032u*z 03 2 Uz:V 1 
Ixl ~x-----T + --c~Y2 1 + w2pu* = ~z(X - xs,  y - y~) in ~h (5) 
T z = 0 on the surface 
radiation condition at infinity) 
] 
for the antiplane shear problem, and 
[ 3 u x 3 3 ux 
(A+' ) [  -5-;T~ + u___~ +, - -+ 3x 3y 3x 2 -~y2 ] 
o u~ 0 uy (o2u~ 2 , 
( A + IX) 3xc)y  + - -  + + 3 uy 1 c~y 2 Ix[ c~x2 --~y2 ] 
(6) 
2 *=~x(x -xs  - + oJpUx ,y  y~) 
2 * + eo pUy = 0 (7) 
or =0 
= 5y(x  - x~,  y - y~)  
in t~ h 
T x = Ty = 0 on the surface t 
radiation condition at infinity) (8) 
for the plane strain problem, where t~ h is the half-space without he canyon and 
~z(X - xs, y - ys) is the Dirac delta function in the z direction at point (x~, Ys), 
etc. for ~x and By. The above weighting functions can be viewed as displace- 
ments due to the Dirac delta functions, which can be interpreted as line loads or 
sources. Restricting the point (x~, Ys) to be outside the domain ~c results in the 
following integral equations: 
for antiplane shear, and 
frTz*uz dr = fru*~z dr (9) 
(10) 
for plane strain, where Uz, Ux, and uy are the unknown displacements and Tz, 
Tx, and Ty are the applied tractions at the canyon surface for the posed problem; 
u* and T* are the displacements and tractions at the (fictitious) canyon 
boundary from the solution of equations (5) and (6) in t~h; and u*, u~, T*x, and 
T* are the displacements and tractions at the (fictitious) canyon boundary from 
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the solution of equations (7) and (8) in ~h. Note that because the source 
solutions satisfy the traction-free condition on the half-space surface, the do- 
main of integration in equations (9) and (10) is only the surface of the canyon. 
It is more convenient to place the source point (xs, Ys) on the boundary F and, 
to avoid the singularity there, relocate the boundary inward and around the 
point (Fig. 2). Incorporating this boundary change in equations (9) and (10) and 
taking the limit as rs ~ 0 results in 
lim (fr T*uzdF) +uz(x~'y~) lim {fr°Tz* dF +) 
rs-~O _F ~ rs-~O 
= rs~olim(f r _ r+U*zTzdF+fru*TzdF~ (11) 
and 
lim 
rs-+ O -F  ~ rs~O 
+u:~(Xs'Ys) lim(/rT*dFS)rs~ 0 s Y 
= r++olim {f I ' -F  + (*-uxTx --t- Uy u,]dF*-To, l -P- fF+(Ux+x-buyTy)d['S) (12) 
The above formulations are merely statements of the Reciprocal Theorem and 
involve the solution of the posed problem in f~c as one set of loads and 
displacements, and the solution in t2 h for the line sources as the other set of 
loads and displacements. 
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FiG. 2. Relocation of the canyon boundary around point (x~, Ys). 
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SOLUTION OF THE SOURCE PROBLEM 
* and tractions The solution of equations (5) and (6) for the displacements u z 
Tz* in the antiplane shear problem is obtained through the method of images. A 
line load ~z(X - xs, y - ys) and its image 8z(X - xs, y + ys) in an infinite full- 
space are placed symmetrical ly about the plane y = 0 at points (x~, y~) and 
(xs, -Ys). The displacements and stresses from these two line loads (Eringen 
and Suhubi; 1975) are then added together, which yields the surface y = 0 (the 
fictitious surface of the half-space) traction free. 
The method of images does not work completely in the plane strain case as 
only one of the two tractions on the fictitious half-space surface can be elimi- 
nated when superposing the image solution. Therefore, a superposition proce- 
dure is necessary: Case A in the full-space where the line load 6x(X - xs, y - Ys) 
or ~y(x - xs, y - Ys) and its image (actually the negative image) ~_x(x - xs, y 
+ ys) or ~ y(x - x~, y + Ys) are applied so that  Ty A (x, y = 0) for ~ ,  ~ z and 
T~A(x, y = 0) for 5y, ~y  on the fictitious half-space surface become zero, and 
Case B in the half-space where the nonzero tractions TxA(x, y = 0) for ~z, 5_~ 
and TyA(x, y = 0) for ~y,~_~ are removed from the surface, i.e., TxB(x, y = O) = 
- -TxA(x,y)  = 0) and TyB~(x,y = 0)= 0 for ~ ,  ~ and TyB(x,y  = O) 
-- TyA(x, y = 0) and TxB(x, y = 0) = 0 for 6y, 6y .  Thus, 
g*(x ,  y) = gA(x ,  y) + gB(x ,  y) (13) 
where g stands for Ux, Uy, T~, or Ty. 
The displacements and stresses from Case A are calculated from analytical 
expressions equation (3), whereas those of Case B are obtained through a 
spatial Fourier transform. The latter requires integration of the inverse Fourier 
transform 
gB(x ,y ) - -  Ks f~h( f i , ys )g ( f i , y )exp( i f iKs (x -Xx) )d  fi (14) 
where gB(x,  y )= either the displacement or stress response from Case B, 
K s = shear wave number -- w/C s = 1/Ls ,  C s = shear wave speed = (/~/p)l/2, 
L s = shear wavelength, fi = spatial Fourier transform parameter  = L J  
transform wavelength, h( fi, Ys)" exp( -  i fis Ks x s) = spatial Fourier transform of 
TA(x ,  y = 0) For 6x, ~-x and Tyd(x, y = 0) for 6y, 6y ,  and g( f i ,  y) = transfer 
function for displacement or stress due to Tx(x, y = 0) = exp (i f iK  s x) for 5x, ~-x 
and T~(x, y = O) = exp( i f iKsx)  for ~y, ~y .  The transfer function g( fi, y) can be 
expressed as 
~( [3, y) 
g ( f i , y )  ~ (15) 
where 
= (2fi 2 - 1) 2 - 4fi2aT, (16) 
and a = ( fi 2 _ 1)1/2 (negative root if fi < 1 and positive root if fi > 1), 7 = ( fi 2 
- X2) 1/2 (negative root if fi < X and positive root if fi > X), X = Cs/Cp and 
Cp = P-wave speed = ((h + 2t~)/p) 1/2. Expressions for h( fi, Ys) and ~( fl, y) are 
contained in Appendix 1. 
The integration of the inverse Fourier transform is performed numerical ly 
noting that  the integrand is either even or odd in the integration parameter  fi; 
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therefore, only the f > 0 portion need be considered (Appendix 2). Furthermore, 
the integrand is either real or imaginary for fi greater than fi~ (transform 
wavelength = shear wavelength; note fi~ = 1.0). The upper limit of integration, 
f~ax, is chosen to produce a negligible truncation error and is selected to be that 
given by a transform wavelength equal to 1/6 the sum of the depth of the 
source point and the depth of the response point, i.e., 
6.0Cs 
fmax w(y  + Ys) (17) 
The sampling increment Aft of the integrand varies and is finer near fp 
(transform wavelength =P-wave wavelength; note fp = 0.612 for Poisson's ra- 
tio (v) = 0.20), fis, and fir (transform wavelength = Rayleigh wavelength; note 
f r  ~ 1.0977 for v = 0.20) due to rapid variations of the integrand there. Up to 
f '  ~ f r  -I- 0 .0081,  the sampling points (total of 256) are specified individually 
based on v = 0.20; for v ~ 0.20, they are adjusted to fit the different values for 
fp and fir" Beyond f ' ,  the spacing of the sampling points increases with /3 as 
4f  = f /150 .  
The actual integration is done in several parts. Between fi = 0 and the first 
sampling point below fr ( f r  -- 4 ,  where A = 0.0001) and between fir + 4 and 
/3" (where h f first exceeds 2 v / lOKs(x  - xs)), the integrand is approximated 
as a quadratic across every Aft pair using the three sampling points and 
integrated analytically. Between f r  -- 4 and fir + 4, care must be taken with 
the pole in the integrand; i.e., the denominator terms ~ goes to zero at fi = fir" 
This portion of the integral is evaluated as the Cauchy principal value and 
includes the residue of the integrand at the pole. Approximating the numerator 
as linear between fr -- hand f r  and between fir and fir ~- 4 and linearizing 
about fr permits the Cauchy principal value to be obtained analytically, which 
is a sufficiently accurate procedure with the chosen value of 4. Results of the 
integration between f r -  4 and fir + 4 are included in the expressions in 
Appendix 2. The final part of the integration is between /3" and fimax where the 
cos( fKs (x -  xs)) or s in ( fK~(x -  Xs)) term (see Appendix 2) varies rapidly 
enough to make the quadratic approximation of the entire integrand inaccurate 
(more than 1/10 of a wavelength in 4 f ,  which defines [3"). Therefore, the cos or 
sin term is separated out and integrated analytically with the rest of the 
integrand which is approximated as quadratic (again using the three sampling 
points over each 4/3 pair). 
SOLUTION OF THE INTEGRAL EQUATION 
The displacements Ux, u:y, and u z in equations (11) and (12) are linearly 
interpolated within boundary elements (Fig. 3) from discrete values at the 
nodes, which become the unknowns of the problem (Banerjee and Butterfield, 
1981). For the antiplane shear problem, algebraic equations in terms of the 
nodal displacements are generated by applying the line source ~z to each node 
and performing the integrations in equation (11), resulting in n equations for 
the n unknowns, where n is the number of nodes. For the plane strain problem, 
2 n equations are generated for the 2 n unknowns by applying the line loads ~x 
and ~y to each node and performing the integrations in equation 12. Solution of 
the algebraic equations by matrix factorization yields the displacements u~, uy, 
and u z of the posed problem at the nodes. 
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FIG. 3. Discretized canyon for the boundary element method. 
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For a line source applied at a particular node (node s), the integration i  
equations 11 and 12 over F - F ~ for all elements not adjacent o this node is 
performed by three-point Gauss quadrature. Within adjacent elements, where 
this integral must be evaluated in the limit as r s --~ 0, account must be taken of 
the singularities that occur in the line load displacements and tractions. Four 
procedures are needed depending on whether the integrand contains the u~ Tk 
term or the Ti*u k term k = x, y, x, and whether node s is at the top of the 
canyon on the horizontal free surface (nodes 1 and n, Fig. 3) or below the 
horizontal surface. 
u~ Tk, Node s Below Top of Canyon. The Hankel functions present in the line 
source displacements are expressed asthe sum of singular terms (]n(r s) and, for 
the plane strain problem, 1/rs) and a series of nonsingular terms (Abramowitz 
and Stegun, 1964). This produces u~ = st + ns where st = a constant imes 
ln(r~) (Appendix 3, 1/r~ cancels) and ns = nonsingular series; the singular 
term is independent of frequency ~. The term (st × Tk) is integrated ana- 
lytically after Tk is approximated as a quadratic using the three Gauss 
points as sampling points; the term (ns × Tk) is integrated by three-point 
Gauss quadrature. 
u~ Tk , Node s at Top of Canyon. Closed form expressions for the displacements 
due to a line load at the surface of a half-space, such as in Eringen and Suhubi, 
1975 for a buried line load, are available only for w = 0. However, an integra- 
tion scheme similar to that above can still be employed because singular term st 
is independent of frequency oJ and, thus, known (constant imes ln(r~), Ap- 
pendix 3) and because the nonsingular part ns can be obtained at the Gauss 
points by ns = u~ - st, where u~ is computed by the inverse Fourier transform. 
T~ Uk, Node s Below Top of Canyon. Expansion of the Hankel functions in the 
lien load tractions along F - F ~ produces T k = st + ns, where st = constant 
times 1/r~ (independent of ~o). However, for the antiplane shear problem, the 
constant of the singular term is zero along F - F~; thus, no contribution to 
equation (11) from the term T* u z results. Such is not the case in plane strain, 
where the terms to be integrated are (st + nsXr J l )  and (st + ns)(1 - (rs/ l ) )  
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and where l = length of the adjacent element and uk, k = x or y has been 
expressed in terms of the linear interpolation functions. Except for st × 1, all 
terms are integrable, and three-point Gauss quadrature is used. For st × 1, 
however, the constants of the singular terms for the two adjacent elements are 
equal but of opposite sign, so no contribution results except at the end of the 
longer element, if the adjacent elements differ in length. No singularity occurs 
in this region, and analytical integration is used. 
T~ uk,  Node s at  Top o f  Canyon.  The line load traction T* is again zero, as in 
the case above. For plane strain, the w = 0 solutions for Tz* and Ty* are also 
zero along F - F ~ except at r s = 0 where a delta function (line force) exists. 
Although no closed form solutions for T* and Ty* exist for ~o > 0, it will be 
similar, but with an added continuous nonsingular variation along the adjacent 
element. Thus, noting that the line force at r s = 0 does not enter into the 
integrand along F - F ~, Gauss quadrature (three points) is used where T* and 
Ty* are computed at the Gauss points by the inverse Fourier transform. 
The integration over F s, also in the limit as r~ ~ 0, is performed analytically 
using the expressions of Appendix 3 for F s. Results for the terms on the left side 
of equations (11) and (12) are bounded and appear in appendix 4. The limits of 
the F ~ integrals on the right side of equations (11) and (12) are zero because the 
line source displacements are singular only as ln(r~). 
EXAMPLE SOLUTION 
A computer implementation f the method described has been written and 
verified with the solutions contained in Wong, 1979, which include both an- 
tiplane shear and plane strain problems, as well as a number of other solutions. 
Details are presented in Nowak, 1988. 
For an example problem, consider a semicircular canyon subjected to a 
pressure distribution p = (2polO~It )  (Fig. 4). The normalized horizontal dis- 
placement at the top of the canyon versus a normalized frequency is shown in 
Figure 5 as computed from uniform discretizations containing 16 and 32 ele- 
ments, the resonances that occur are artificial because their width depends on 
the discretization. Frequencies of these resonances correspond to the natural 
frequencies of the material cut out of the half-space to form the canyon, fixed at 
the canyon boundary F (Fig. 6). The source of the artificial resonances can be 
traced to a degeneracy in the boundary element matrix equation at these 
frequencies as described in Nowak, 1988 where the remedy was to use a fine 
enough discretization to localize the resonances and allow accurate interpola- 
tion of the true response. Another possibility is to move the line sources away 
I l l  ) l  ~11/~ 
t I tCH |.~. i i  I 
FIG. 4. Circular canyon with a pressure distribution, p = (2po[OI)/~r. 
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FIG. 5. Disp lacement  response  showing  ar t i f i c ia l  resonances  (v = 0.2). 
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from the (fictitious) boundary F, but this degrades accuracy and increases the 
complexity of the integrations in equations (11) and (12); the singularities 
resulting from placing the line sources on the (fictitious) boundary F are 
relatively easy to handle. 
The remedy to the artificial resonances employed here is to augment the line 
sources applied to the nodes with an additional source placed inside the 
(fictitious) canyon boundary which, when applied to the interior region (Fig. 6), 
would excite the modes where natural frequencies are the frequencies of the 
resonances to be eliminated. This extra source loading is placed far enough from 
the elements so that three-point Gauss quadrature can be used for the element 
integrations. For the symmetric pressure loading of the same problem, the extra 
source loading is chosen as symmetrical surface load Ty(x, y)  = 2A/D,  -D /4  
< x < D/4 ,  which is applied simultaneously with each line source. Results (Fig. 
7) presented for A = 1.0 show the effectiveness of the method. 
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FIG. 6. Interior region fixed along canyon boundary. 
Convergence for the example problem is demonstrated in Table 1 where the 
normalized x and y components of displacement at 0 = 0, Ir/8, 7r/4, 3~/8,  and 
7r/2 on the canyon surface are presented for the 16 and 32-element discretiza- 
tions and a 64 element one at two frequencies. The results from the 64-element 
discretization can be considered highly accurate and can, therefore, be used to 
evaluate more approximate methods of solution. 
GENERATED RAYLEIGH WAVES 
The amplitudes of the generated Rayleigh waves, one traveling in each 
direction outward from the canyon, can be determined by computing either the 
horizontal or vertical component of displacement (say, the vertical component) 
at one point on the surface to each side of the canyon and far from it (x 
coordinate of such a point denoted by x f). This requires that the line source ~y 
be placed at this point which alters equation (10) to 
+ f (U*x x (18) 
since the point x, y = x f ,  0 is contained in the domain £t c. Equation (18) can be 
solved for the single unknown Uy (xf, y = 0) after the boundary element 
solution of the posed problem for u x and Uy at the canyon surface has been 
obtained. So, T*x, Ty*, u x*, and Uy* in equation (18) represent the tractions and 
displacements at the fictitious canyon boundary in £t h due to the line source 
~y(X --  X f ,  y). 
Responses g*(x, y) due to 8y(X - xf ,  y )  in ~h can be obtained by integrating 
the inverse Fourier transform of equation (14) with xf  replacing xs, h( fi, ys) = 
1, and g( fl, y) from equation (15) where the functions ~( fl, y) are defined by 
equations (A.8) to (A. 12). Because [x f[ ~> Ix [, the only contribution to the integral 
[uz[ p 
D Po 
x 10 -3 
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FIG. 7. Displacement response using the additional source (v = 0.2). 
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_ _1  
12.00 
comes from the Rayleigh pole, and proper handling produces 
Ksg(  [3r, Y ) 
g*(x,y) R exp(+- i [3 rKsx)  (19) 
which is merely the Rayleigh wave generated by 8y(x  - -  x f ,  y)  with + for xf  ~ x 
(wave traveling in +x direction) and - for xf  ~> x (wave traveling in -x  
direction). The expression in equation (19) applies to a particular set of coordi- 
nates x f which satisfy exp( +_ i fir Ks  x f )  = - i. 
CONCLUSIONS 
The solution for surface displacements caused by tractions on a canyon cut 
into a 2D half-space is presented. These displacements are found by using the 
direct boundary element method based on source solutions for a half-space. This 
technique solves the most difficult part of the superposition problem for a wave 
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TABLE 1 
DISPLACEMENTS (REAL, IMAGINARY) ON THE CANYON SURFACE FOR 
THREE DISCRETIZATIONS ( X 10 - 2 ) 
wD u o tL 16-e lement  32-e lement  64-e lement  
Cs 0 Dp ° d i sc re t i za t ion  d i sc re t i za t ion  d i sc re t i za t ion  
7r x (6.977, 11.61) 
4.  - -  
2 Y (-3.177,2.762) 
3~r x (4.320, 11.33) 
8 Y ( -.775, 2.347) 
~r x (0.457, 8.201) 
4 Y (1.846, 1.982) 
7r x ( - .894, 3.961) 
8 Y (3.040, 2.271) 
0 x (0.000, 0.000) 
y (2.561, 2.536) 
~ x (1.556, 7.330) 
9.  - -  
2 Y ( -  1.639,-.335) 
3~r x (0.281, 5.177) 
8 Y (1.137, 0.617) 
~" x (-.515,2.142) 
4 Y (1.629,3.128) 
~" x ( - 1.266, 1.266) 
8 Y (0.317, 1.856) 
0 x (0.000, 0.000) 
y ( - .509, - .542) 
(6.975, 11.69) 
( - 3.124, 2.683) 
(4.311, 11.37) 
(-.818,2.229) 
(0.418, 8.146) 
(1.862, 1.908) 
(-.903,3.888) 
(3.070, 2.328) 
(o.ooo, o.000) 
(2.558, 2.661) 
(1.506, 7.147) 
( - 1.596,-.187) 
0.305, 5.155) 
1.192, 0.560) 
- .345, 2.105) 
1.528, 3.067) 
( - 1.332, 1.299) 
(0.244, 1.841) 
(o.ooo, o.ooo) 
(- .338, -.491) 
(6.971, 11.72) 
( - 3.100, 2.655) 
(4.307, 11.38) 
( -.831, 2.188) 
0.406, 8.126) 
1.869, 1.884) 
- .904, 3.863) 
3.080, 2.349) 
(o.ooo, o.ooo) 
(2.551, 2.704) 
(1.495, 7.071) 
( - 1.588,- .129) 
0.307, 5.146) 
1.211, 0.543) 
- .283, 2.096) 
1.499, 3.044) 
( - 1.357, 1.306) 
(0.218, 1.835) 
(o.ooo, o.ooo) 
( - .285, - .469) 
propagating in a half-space with a canyon. The description of a technique for 
solving for the Rayleigh waves that are generated by the canyon is also 
presented. 
In solving the problem with the direct boundary element method, the result- 
ing singular integral equations are solved directly without introducing any 
artificial damping. The solutions found through this technique reveal an artifi- 
cial resonance phenomenon. By adding an additional source loading in the 
boundary element method this resonance can be eliminated. Results from an 
example problem, where tractions are applied to the surface of the canyon, show 
the effectiveness ofthis technique. These results are considered highly accurate 
and can be used to assess other approximate solution techniques. 
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APPENDIX 1. FUNCTIONS h(/3, ys ) AND ~( /3, y)  
Function h(/3, Ys) for TxA(x, y = O) 
h(/3, ys) = (2/32 - 1)exp(y~gsa  ) - 2 /32exp(y~gsT)  (A.1) 
Function h(/3, Ys) for TyA( X, y ~- O) 
h(/3, Ys) = (2/32 - 1 )exp(ysg j )  - 2f i2exp(y~gsa)  (A.2) 
Functions ~(/3, y ) fo r  Tx(x, y = O) = exp( i /3K~x) 
2 ~x(/3, Y) = ~ [(2/3 - 1)exp(yaK~) - 2/32exp(y~/K~)] (A.3) 
i/3 
[2a~ exp(yTgs)  - (2fi 2 - 1 )exp(yags) ]  (A.4) 
~Y(/3' Y) = tLK~ 
3-xx (/3, y )  = 2 i f ia[ (2/32 - 1)exp(yag~)  - (23, 2 + 1)exp(yTg~)]  (A.5) 
~xy( f i ,Y )  = (2/32 - 1 )2exp(yags)  - 4/32a~/exp(yTg~) (A.6) 
~-yy( /3, y )  = 2i/3a(2/32 - 1)[exp(y~,g~) - exp(yag~)]  (A.7) 
Functions ~(/3, y) for Ty(x, y = O) = exp( i /3K~x) 
i/3 
~x(/3, Y) = ~ [(2/32 - 1)exp(Y3'gs) - 2a~/exp(yag~)]  (A.8) 
~y(/3, y)  tL~ [(2/32 - 1)exp(yTK~) - 2/32exp(yaKs) ]  (A.9) 
~xx(/3, Y) = 4/32aT exp(yag~)  - (2/32 - 1)(2T 2 + 1)exp(y3,g~) (A.10) 
fi-xy(/3, y)  = 2i/37(2/32 - 1)[exp(y3,g~) - exp(yag~)]  (A.11) 
2 
~-yy(f i ,y)  = (2/32 - 1) exp(yTgs)  - 4/32a~exp(yag~)  (A.12) 
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APPENDIX 2. INTEGRATION OF THE INVERSE FOURIER TRANSFORM 
With symmetric transfer function g(/3, y) 
gB(x ,y )  
Ks 
[~h(f i ,ys)g(/3,y)cos[ fiK~(x Xs) ] d/3 
77 -'o 
Ks 
ys)g(/3 y)cos[/3 s(X - Xs ) ]  
7r Vo 
+ f l3maxh(/3, Ys)g(/3, y)cos[/3Ks(x - x~)] d/3 I
/3r+ J 
igs h(/3r Y~)g( /3r, y)COS[ /3rgs( x - Xs) ] 
R 
Ks 
- -  - -{h(  /3r -~- A, Ys)g( /3," + A, y)cos[( /3r -[- A)Ks( X - Xs)]} 77R 
Ks 
-~- ~{h( /3r  - /k, Ys)g(  /3r -- A ,  N)COS[(/3r -- /k )Ks (x  - Xs)]} 
With antisymmetric transfer function g(/3, y) 
(B.1) 
(B.2) 
gB(x ,y )  -- 
+ 
09 
iK~77 fo h(/3, ys)g( /3, y)sin[/3Ks(x - x~)] d/3 
iKs--77 {f:r-Ah( /3, y~)g( /3, y)sin[ /3Ks( x - xs)] d/3w} 
f;~+:h( 8, Y~) g( fi, y)sin[ fiK~( x - xs) ] d fi} 
(B.3) 
Ks  
+ ~-h(/3~, Ys)g(/3r, y)sin[ /3rKs(x - xs)] 
iKs 
1rR 
-- - -{h( /3r  -[- A ,  y~)~( /3r  ~- A,  y )s in [ ( /3 , .  + h)Ks(x - xs ) ]}  
iKs 
+ -~--~ {h( fir -- A, y~)~( fir - A, y)sin[( fir - A)K~(x - x~)]} 
where 
(B.4) 
R = 4[2fir(2fir 2 - 1) - 
4/3 9 -- 3fir3(1 + X 2) + 2/3rX 2 
-- l )  v / (  /3r  -- X 
(B.5) 
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• f v I .  
(z,, y,) 
/ 
~ i 
.~:7...,,X~-: ,~- /  &----'I ~ (circular about point (z,, y,)) 
F - -  pe (radial from point (x,,y,)) 
FIG. A3. 
APPENDIX 3. SINGULARITIES IN SOLUTIONS FOR LINE LOADS 
Notes:  st( ) denotes  s ingu lar  te rm in response quant i ty .  ± means  + when 
mater ia l  is on the r ight  when fac ing in the posit ive rad ia l  d i rect ion a long 
F - F ~, and  -when mater ia l  is on the left. Refer [2, 9]. 
Ant ip lane  shear :  ~z(X - Xs, y - ys) 
1 
s t (u* )  - - ln ( rs )  (C.1) 
4Ix 
st(Tz*) = 0 on F - F ~ (C.2) 
1 
s t (T* )  = + on F ~ (C.3) 
2~rr s 
P lane  stra in:  bur ied l ine load ~x(X - x~, y - Ys) 
(1 + K 2) ln(r~) 
s t (u* )  47rCp2 p
st(u'y)  = 0 
s t (T* )  =0 onF-F  E 
-1  
s t (Ty)  = + 27rg2r ~ on F - F E 
s t (T* )  - C1 [C 2 + 2cos2¢]  on F s 
r s 
st (T~)  = - 2 C1 cos ¢ sin ~b on F ~ 
r s 
(C.4) 
(C.5) 
(C.6) 
(C.7) 
(c.s) 
(C .9) 
P lane stra in:  bur ied  l ine load ~y(x - x~, y - Ys) 
s t (u* )  = 0 (C.10) 
1388 P. s. NowAK AND J. F. HALL 
s t (u~)  (1 + K 2) 
4Ir  Cp2p ln ( rs )  
1 
s t (T* )  = _+ 2~rK2r s on  F - F ~ 
s t (T~)  =0 onF-F  ~ 
st (T* )  = - 2 C1  cos ~b s in  ¢ on  F s 
r s 
C1 [C 2 + 2 sin2~b] on  F ~ st ( T~ ) = - r-~ 
(C .11)  
(C .12)  
(C .13)  
(C .14)  
(C .15)  
P lane  s t ra in :  l ine  load  ~x(X - x~, y - Ys) at  hor i zonta l  sur face  of ha l f  space  
1 - -  P 
s t (u* )  - - -  ln ( rs )  
s t (u~)  = o 
s t (T* )  = 0 on F - F ~ 
s t (T~)  = 0 on  F - F ~ 
2 
s t (T*  ) = cos2¢ on  F ~ 
~-r  s 
2 
st(Ty* ) = s in  ¢ cos ~b on  F s 
qTF  s 
(C.16) 
(C.17) 
(C.18) 
(C.19) 
(C.20) 
(C .21)  
P lane  s t ra in :  l ine  load  ~y(x - x~, y - y~) a t  hor i zonta l  sur face  of ha l f - space  
st(u*~) = 0 
1- -  p 
st(  u~ ) - - -  ln ( rs )  
s t (T* )  = 0 on  F - F ~ 
s t (T~)  =0 onr - r  ~ 
2 
st (T* )  = s in  ¢ cos ~b on  F s 
oT r s 
2 
s t (T~ ) = sin2~b on  F ~ 
7"~ r s 
(C.22) 
(C .23) 
(C .24) 
(C.25) 
(C.26) 
(C.27) 
where  K = Cp/Cs ,  C 1 = 1/ (4~r(1  - v)) and  C 2 = 1 - 2v .  
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FIG. A4. 
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APPENDIX 4. INTEGRALS OVER F s OF LINE LOAD TRACTIONS 
Antiplane shear: 5z(X - xs, y - y~) 
((~j -- ~)i) 
l imfT*dF  s =0.5+ 
r~-~0 ~r~ 2~r 
(D.1) 
Plane strain: buried line load 6x(X -Xs ,  y -y~)  
[ 
f Tx* dr" = 1.0 + Cl l (C  2 lim 
r.-~ o Jr . [ 
1 1 -]- 1)(71"-F ~) i -  ~)j) -I- ~(sin(2&i  ) - s in(2¢j ) )  
(D.2) 
lim frsT~ dF  ~= -C , (s in2¢/ -  sin2¢i) 
rs ---~ 0 
(D.3) 
Plane strain: buried line load 6y(x - x~, y - y~) 
lim f rT*  dF  s= -C l ( s in2C j -  sine~bi) (D.4) 
rs--> 0 
[ 1 ] 
lim fr T* dF s = 1.0 + C~ (C 2 + 1)(~- + 4'2 - 4~j) - ~(s in (2¢ i )  - sin(2qSj)) 
rs-~ 0 s Y 
(D.5) 
Plane strain: line load 8~(x - xs, y - Ys) at top of canyon 
1[ 1 lim f sT*  dF s = (~r + ~)1) + E-sin(2$1) 
rs--* 0 Jr 
1(  1 ) 
= --~ It--  (bn_ 1 - ~sin(2~bn_l) 
1 
lim f T* dF  s = --sin2~bl at node 1 
rs~O JFS y "IT 
1 
- -  sin2~bn 1 at node n - 1 
7r 
at node 1 (D.6) 
at noden-  1 (D.7) 
(D.8) 
(D.9) 
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P lane  strain: l ine load 6y(X - I s ,  y - Ys) at top of canyon 
l im f T* dF  s= l s in2~bl  at node 1 
rs~ 0 J r  s ~rE 
1 
- sin2~bn- 1 at node n - 1 
~7 
1 ] 
~- q~l )  - -  ~sin(2~bl )  at node 1 
1[ 
l im fr T* dF  s = -- (~r 
rs_, 0 s y "/r 
= _ 1 
1 (~r- -  ~bn_ l -  ~s in (2~bn-1) )  
7r 
(D.10) 
(D.11) 
(D.12) 
at noden-  1 (D .13)  
where  C 1 = 1 / (4 I r (1  - v)) and  C 2 = 1 - 2v.  
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